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Resumen / Abstract

Losmétodos multicriterios PROMETHEE se basan en las eval uacionesborrosas entrelosdiferentes
pares de alternativas para cada criterio. PROMETHEE |1 asocia un nimero acadaaccion, y la
indiferenciaentredosalternativas sol o ocurre cuando losflujos correspondientes son estrictamente
iguales. PROMETHEE Il asocia a cada accion un intervalo y dos acciones son consideradas
indiferentes cuando ellas estan muy cercaentresi. PROMETHEE V aplicalaProgramacién Lineal
Entera para seleccionar el mejor subconjunto de aternativas. El objetivo es maximizar lasumade
PROMETHEE |1, sujeto aun conjunto derestricciones que normal menteincluyen algunarestriccion
financiera. En el presente trabajo se ha considerado para que el modelo sea més realista, que
algunosrestricciones sean suavesy gque algunos coeficientes se estimen por |os nlimeros borrosos.
Se aplica la Programacion Lineal en Enteros Borrosa, utilizando la suma de los resultados de
PROMETHEE Il como funcidn de objetivo. La indiferencia introducida por PROMETHEE |11
permite encontrar el subconjunto de alternativas no superior y verificar larestriccion suavizada.
Se ilustra el método propuesto a través de un ejemplo usado en el PROMETHE V original, se
comparan los dos procedimientos.

PROMETHEE multicriteriamethodsareall based on fuzzy eval uations of the differ ences between
pairs of alternatives for each criterion. PROMETHEE |1 associates a crisp number to each
action, and i ndifference between two alter natives only occur when the corresponding flows are
strictly equal. PROMETHEE |11 associates to each action an interval and two actions are
considered indifferent when they are very close to each other. PROMETHEE V applies Integer
Linear Programming in order to select the best subset of alter natives. The objectiveis maximization
of the sum of PROMETHEE I scorings, subject to a set of constraints, which usually include
some financial constraint. In order to make the model morerealistic, in this paper we consider
that some constraints are soft and that some coefficients are estimated by fuzzy numbers. We
apply Fuzzy Integer Linear Programming, using the sumof PROMETHEE Il scoringsasobjective
function. The indifference introduced by PROMETHEE |11 allows us to find the subset of not
outranked alter natives that best verify the soft constraint. Weillustrate our method solving the
example used in original PROMETHE V presentation and we compar e the two procedures.
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INTRODUCTION

The family of PROMETHEE mullticriteria methods was made up by Branset al .* in its original
presentation. The methods are based on a fuzzy outranking relationship comparing all pairs of
aternatives for each criterion by means of six different functions. PROMETHEE | constructs a
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partial preorder and PROMETHEE || developsacompleteone. In
PROMETHEE | and Il indifference between two actions only
occur when the corresponding flows are strictly equal.
NeverthelessasBranset al. say: "dueto the continuous character
of the generalized criteria, it may happen that for two actions a
and btheflowsarevery closeto each other. It seems, inthiscase,
to consider there is indifference between aand b", In this way
PROMETHEE |1 associatesto each action aninterval, and defines
a complete non transitive interval order wich introduces
indifference between two close actions. PROMETHEE V? uses
PROMETHEE I scoringsand Integer Linear Programmingin order
to select the best alternative subject to aset of crisp constraints,
which usually include some financial constraint. Furthermore,
the very nature of the constraints usually imposed in capital
budgeting problems suggests the convenience of considering
many of them as soft restrictions, i.e., targets rather than
constraints. For instance, it isnot uncommon to have some degree
of flexibility torelax budgetary or, moregenerally, input limitations.
Consider also constraints reflecting profit, sales or other output
targets: itisdifficult to set realistic situationswherelimitsare not
flexible. It is also natural to state in soft terms restrictions that
reflect strategic objectives, such as those limiting or promoting
some products, geographic areas or business centres. Our
proposal in this paper is to formalize this sort of constraints
using flexible equalities or inequalities. These constraints make
useof atolerancemargin, so performancebelow itisunacceptable,
performance beyond the margin is completely satisfactory, and
performance within the margin is partially satisfactory (and, for
simplicity, satisfaction is assumed to increase linearly).
Coefficients may also be fuzzy numbers, since both evaluations
of alternatives (e.g., costs or benefits from each alternative) and
limits (e.g., capital budget, sales targets) are frequently subject
to some degree of uncertainty. We use PROMETHEE 111 scoring
and Fuzzy Integer Linear Programmingin order to select the best
aternative subject to a set of flexible constraints where some
parameters can be fuzzy numbers.

Weillustrate our method solving the example used in original
PROMETHE V presentation and we compare thetwo procedures.

PROMETHEE Il AND FUZZY
MATHEMATICAL PROGRAMMING

Givenafiniteset A of npossible alternatives {Al,Az,...,An} \

which areevaluated onk criteria, PROMETHEE methodsare based
on afuzzy outranking relationship: comparison of each pair of
aternativesfor each criterionisnot necessary madeintermsof a
binary statement about the superiority of onealternative, butitis
possibleto grade the superiority (in the 0-1 interval). Preference
of alternative aon alternativeb regarding criterion j, Pj(a, b),isa
function of the difference between their values (distance):

d =f;(a)- f;(b) Q)

Six different functional formshave been proposed to evaluate
thisdistance. Some of them make use of anindifferencethreshold
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(g, minimum significant difference) and/or apreferencethresholc
(p, completely significant difference).?

The preferenceindexes obtained eval uating the superiority o
aternative aon b for the different criteria are aggregated using
the relative weights of criteria (wj) into the global preference
index of aon b. The aggregation of the indexes of preference o
analternativetoall othersisitspositive outranking flow or leaving
flow, which evaluates its outranking character, while the
aggregation of the indexes of preference of all the othe
aternativescompared to the one considered (negative or entering
flow) representsitsoutranked character. The difference betweer
these two flows quantifies the relative interest of an alternative

P(ab):én. w; P;(a.b g%lm w,-:19
=1 ej=1 [}
t'(a)=ar (ab) |
Y y® f(a)=f"(a)-f(a) -2
f (a)=aPr (b,a){)

While in PROMETHEE | and |1 scorings are crispy and any
small differenceintheflowsof alternativesisregarded significant

PROMETHEE I net scoringsareintervals[ @,] and it defines

acompleteinterval order (P", I'") asfollows:

jaP"b (aoutranksb) iff a>b
i _
fal"b (aisindifferenttob) iff afb andb£a
NE

Wewl | ssythet andteretiveai sa'mt atrakeddtare
if thereisrmodhy dteraivetha aaksa

Trei rtervd[g,ﬁ] isgiven by

a= f (a) -as,

a=f(a)+as,
f (a)zmi-lf‘ﬁ?(a’@'?(b'a)ﬂzm(—?)l @
=L A g (an)-7 (ba) T ()Y’

Therefore, the length of the interval is proportional to the
variability of the scorings obtained when the alternative
considered is compared to each of the others. The parameter &
usually takes the value 0,15.

In real world applications the set A of possible alternatives
have additional constraints. Our proposal in this paper is tc
formalise this sort of constraints using flexible equalities o
inequalities. These make use of atolerance margin, so performance
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Jelow it is unacceptable, performance beyond the margin is
sompletely satisfactory, and performance within the margin is
Jartially satisfactory (and, for simplicity, satisfaction isassumed
0 increase linearly). Coefficients may also be fuzzy numbers,
since both evaluations of alternatives (e.g., costs or benefits
‘rom each aternative) and limits(e.g., capital budget, salestargets)
wre frequently subject to some degree of uncertainty. The
application of the model to the problem used in original
PROMETHEE V presentation will produce two clear examples of
lexible constraints. But, as it will also show, of course not al
>onstraintssharethisnature. Some others, such asthosereflecting
egal restrictions, may be considered hard limits.

We express the model that selects the best subset of
dternatives using PROMETHEE 111 net outranking flows in the
dbjectivefunction, subject to aset of flexible or hard constraints
vith fuzzy coefficients asfollows,

Max [2,7]= & @B

Subjet to:

A4, ~ b, [=1.,5 (5)
i=1

x1 {01} i=12..n

vhere:  holdsfor flexible or hard inequalities or equalities, &,
1oldsfor crisp or fuzzy numbers and

11 if A, isselected
% _%0 otherwise

The set of feasible subsets of alternativesX, iscomposed by
‘hose that verify the hard constraints and, in case of flexible
sonstraints, the tolerance threshold. The coefficients of the
dbjective function are the interval net dominance flows as
Jlefined in (4).

Let betwo feasible subsets of alternatives B,D1 X, ,whose
dbjective values (see expression (5) are the following

ntervals §Zs. Zs B 820 . Zo f|. According with (3)

}BP"D (BoutranksD) iff Z, > Z,
| — —
iB1"D (Bisindifferent toD)iff Z, £Z, and Z, £ Z,

Proposition 1: Inmodel (5), let be A* the subset (or subsets) of
feasible alternatives with the maximum value for the lower bound

Z to the interval objective value, then a feasible subset of

dternatives B isnot outranked if and only if B isindifferent to A*.

Proof: it is obvious from expression (6).

Taking in mind the above considerations, the procedure of
our method is asfollows:

- First step: through acrisp linear programming problem, we
find the subset of not outranked alternatives (according
PROMETHEE I1l) among those that verify the constraints (the
tolerance marginsin case of flexible constraint).

- Second step: between the aforementioned subset of not
outranked alternatives we choose those that best verify the
flexible constraints.

EXAMPLE

The problem selected to illustrate our new method has been
theoneused in Bransand Mareschal* for theoriginal presentation
of PROMETHEE V. It dealswith the choice of some distribution
centres of afirmin Belgium among 12 alternatives that we call
A (i=12,...12): 2intheareaof Antwerp (A,A,), 3in the area of
Bruges (A,A,A), 4intheareacf Brussels(A, A,A,A;) and 3in
theareaof Namur (A, A, A ). The 12 sitesareevaluated through
Scriteria: C, (construction cost), C, (number of potential costumer
inthearea), C, (number of parking placeson thesite), C, (access
to the road network) andC, (numbers of competitorsinthearea),
(for more detail see!

The final decision is subject to the following sets of
constraints:

* 1-2) Maximum and minimum number of total sites: 9 and 5.

¢ 3) Minimum global return: 4000 (we will suppose that this
constraint is flexible and, besides, that the expected return in
each site is estimated by afuzzy number)

* 4) Minimum number of employeesin Antwerp and Bruges
(to get governmental incentives): 200

* 5) Wages paid in the area of Brussels may not exceed those
paid in the 3 other area (we will suppose that this constraintsis
flexible)

* 6-9) Limitstothenumber of sitesin each area: Antwerp only
1 site. Bruges 2 or less than 2 sites. Brussels 2 or more than 2
sites. Namur 1 or more than 1 site.

* 10-12) Due to proximity: A3 and A4, A7 and A9, A1l and
A12, may not be selected together.

* 13-16) Availability of qualified manpower in each area:
Antwerp 300, Bruges 200, Brussels 500, Namur, 150

Applying PROMETHEE |1l to thefive criteriaC, (i =1,...5), with
the same basic data than used by Brans and Mareschal, the

..(6) interval outranking flows, according withegs. (4), arethefollowing
Al A2 A3 A4 A5 AG A7 AS A9 AlO All A12
b -0,202 |-0,109 | 0,282 |0,323 |0,314 |-0,365 |-0,417 |-0,325 |-0,229 |0,003 |0,122 | 0,113
Bi -0,166 | -0,075 | 0,371 | 0,384 |0,372 |-0,307 |-0,313 |-0,224 |-0,113 |0,119 |0,232 | 0,208
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Moreover, as we have said before, we suppose that some
constraints of the model proposed by Brans el a. are flexible.
Specifically theglobal return should be expressed inthefollowing
semantic way "the global return should be essentially greater
than 4000". Such linguistic expression can be modelled by afuzzy
set whose membership function represents the degree in wich
the constraint is attained. In this case we consider that returns
below 3500 are not allowed and that returns above 5000 are fully
satisfactory (satisfaction degree=1). For simplicity, we assume
that the satisfaction degreeincreaseslinearly between thesetwo
values (seefig. 1). Moreover the expected annual return of each
site is an uncertain quantity, and we assume that they can be
represented by symmetric triangular fuzzy numbers whose
support is+15 % of the crisp quantities estimated by Branset al .

Then, thereturn obtained for each action @ = (X, X,,..., X, ) is

afuzzy number too:

R(a) =(R(a).R.(a),R: (a)) = 416x, +645x,+ 76, +
+226x, + 275X, +822x, ++1026x, +692x, + 601, +
+ 464x, +516%, +602x,

wherewewill use standard fuzzy arithmetic to operate with fuzzy
numbers:3

Following Rommelfanger* we can replacethe fuzzy constraint
by (seefigure 1).

() > . }R(a)2 3500
M2 e = m (R (@)@ ma

We suppose that the fifth constrain is flexible too: "the total
wagespaidintheareaof Brusselsshould not exceed thosepaidin
the 3 other areas". Wewill set thetolerancethreshold on 50, that is
tosay, wagesin Brusselshigger than wagesin the other areasin 50
are no allowed and the satisfaction degree increases until the
Brussels'swages are equal or minor than 50% of total wages.

v

350 Rt R Rs 5000

Fig. 1
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RESOLUTION PROCEDURE

First step: Through a crisp linear programming problem,
among the subsets of feasible alternatives we find the no
outranked ones (according PROMETHEE I11). Therefore
according to proposition 1, welook for the actionswith the highe
lower bound Z of theinterval objective value:

Max Z = -0,202x, - 0,109x, + 0,282x, + 0,323x, + 0,314, -
- 0,365, - 0,417x, - 0,325x, - 0,229, + 0,003x,, +
+0,122x,,+0,113x,
Subject to
1-2)
xl+)(2+X3+X4+x5+)(6+X7+X8+X9+X10+X11+X123 5
X1+X2+X3+X4+X5+X6+X7+X8+X9+X10+X11+X123 9

3
353,6x, + 549,1x, + 64,6, + 192,1X, + 233,75x, + 6987, +
+872,1x, + 5882+ 51085x, + 3944+ 438,6X,+
+511,7x,, 3 3500

4)
118x, + 130X, + 85x, + 61, + 52x; * 200

5)
63X, + 62, + 31, + 26X, + 37X, + 38X, + 42X, + 28X, -
- 84X, - 78X, - 73X, - 69%, 3 - &

6-9)
X1+x,=1
3
X+ X, +X%.3 2
3
Xet X X5 + Xg 2
3
XlO + Xll + X12 1

10-12)

X+ X, =1
X +X,=1
xll + X12 = 1

13-16)
118x, +130x, 3 300
85x, + 61x, +52x, 3 200
152x, + 180x, + 130x, + 151x, 3 500
66x,,+ 76x,, +50x,, 3 150
x=0 or 1,i=12.,12
(7

il 1=245,6,8910,11
The optimal solutionisA*: % :%0 otherwise
Whose interval objectivevalueis
6, .Z, f§=[- 02660388]
According to proposition 1, any other action D that verifies
-0,266£ Z, and Z,, £0,388 is indifferent to A* and is no

outranked by another feasible action.
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Second step: Among all not outranked sets of alternatives
velook for those that best verify the fuzzy constraints. With
‘his purpose, following Zimmermann#we solve thefollowing
nodel:

Max
Subject to

0,166, - 0,075, + 0371x, + 0,334x4 + 0,372, - 0,307x, - 0,313~
-0,224x, - 0,113x, + 0,119x,, + 0,232x,, + 0,208x,, 3 -0,266

0,202, -0,100x, + 0,282, + 0,323, + 0,314x, - 0,365x, - 0417x,-
- 0,325, - 0,229x, +0,003x,, + 0,122x,, +0,113x,,3 0388

116X, + 645K, +76X, + 226X, + 275 + 822 + 1026x, + 692X, +
+601x, + 464x,,+ 516x,, + 602x,,-1500% 3500

33, + 62X, + 31x, + 26x, + 37x, + 38x,, + 42X, + 28X, - 84X

-

78X, - 73%, - 69%, - 503 -50
+ Constraints of model (7)

Ofa £l

il i=245,6,891011
. ek x =)

Theoptimal actionis A**: % %O otherwise

whoseinterval objectivevalue, inmodel (5), is: [-0,588,0,084

L et us compare our solution A** with the solution obtained
Jy Branset al.! through PROMETHEE V, i.e,, with

11 1=245,6,7,10,12
% _%0 otherwise

If we apply this solution to our model (5) we obtain the
‘ollowing interval objective value: [-0,138,0,396], and

according with PROMETHEE |11 scoring (see eq. (3)), it is
ndifferenttothesolution A** obtained by our method. Regarding
‘he flexible constraints, our solution produces a total annual
‘eturn of about 4,297 and the wages paid in Brussels exceed
‘hose paid intheother 3areasin 24. The PROMETHEE V solution
yroducesatotal annual return of about 4,060 and the total wages
Jaid in Brussels are minor than those paid in the other 3 areasin
29. Therefore, our solution produces a much better return than
'he PROMETHEE V solution, but in exchangefor theviolation of
‘hecrisp PROMETHEE V constraint corresponding to the balance
Jetween the wages in the different areas. Our method can be
Jsedinaninteractiveway: if the Decision Maker (DM) does not
ike the solution he/she can change the tolerance threshold of
‘lexible constraints.

CONCLUSIONS

We have devel oped anew approach, based on PROMETHEE
V, to select the most suitable action within afinite set of possible
aternatives. PROMETHEE V uses PROMETHE Il and crisp
Integer Linear Programming. Weuse PROMETHEE |11 and Fuzzy
Integer Linear Programming, which, in our opinion, produces a
morerealistic model, since, usually, some constraintsimposed in
areal word problem should be considered soft. Itisvery common
to work in an uncertainty atmosphere, being more realistic, and
comfortable to the DM, to estimate some coefficients by fuzzy
numbers than by a crisp one. Our method combines the
PROMETHEE Il scoring, that introduces indifference between
two close actions, and the fuzzy logic, supplying a interactive
tool to the Decision Maker in order to decide between a set of
very closed actions, finding those that best verify the soft
constraints.t
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