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Abstract. This paper obtains solitons as well as other solutions to a few nonlinear evolution equa-
tions that appear in various areas of mathematical physics. The two analytical integrators that are
applied to extract solutions are tan—cot method and functional variable approaches. The soliton
solutions can be used in the further study of shallow water waves in (141) as well as (2+1)
dimensions.
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1. Introduction

Nonlinear evolution equations (NLEEs) form the most fundamental fabric in mathemat-
ical physics. These equations govern various physical phenomena in industry and nature
[1-25]. The dynamics of shallow water waves, propagation of pulses through optical
fibres, solitons in plasmas, nuclear physics and Davydov solitons in «a-helix proteins are
all dictated by NLEEs. Therefore, it is mandated to take a deeper look at these NLEEs
from a different perspective.

Exact solutions to NLEEs will always add elite material in this literature. While numer-
ical simulations always give a pictorial view to these equations, it is always an analytical
or exact solution that adds extra flavour to this area of research. Therefore, it is imperative
to investigate various tools of integration that extract various forms of analytical solutions
to these equations. This paper is devoted to the search of analytical solutions to several
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NLEE:s that appear in various spheres of life. Two integration tools are applied to obtain
these solutions. They are tan—cot functional method and functional variable method. The
overwhelming results will be widely applicable in mathematical physics wherever these
equations are studied.

There are several equations that will be studied in this paper. They are: Jaulent—
Miodek hierarchy [1], the Kadomtsov—Petviashvili Benjamin—-Bona—Mahony (KP-BBM)
equation [2], the nonlinear Zakharov—Kuznetsov Benjamin—-Bona—Mahony (ZK-BBM)
equation [3], the Calogero—Degasperis (CD) [4] and potential Kadomstev—Petviashvili
(pKP) equations [5,6].

These equations are studied frequently in mathematical physics and they originate from
various physical phenomena in daily life. Jaulent-Miodek equation is yet another NLEE
that models the dynamics of shallow water waves [7]. KP-BBM equation is used to study
bidirectional waves in an offshore structure, where fluid flow is relatively unbounded [8].
ZK-BBM equation is studied in the context of plasma physics. It is well known that ZK
equation models are weakly nonlinear ion-acoustic waves in strongly magnetized lossless
plasmas. ZK-BBM equation is the conjunction of ZK equation and BBM equation that
models shallow water waves, for order to modify the dispersion term for ZK equation [9].
CD equation describes (24-1)-dimensional interaction of a Riemann wave propagating
along the y-axis with a long wave along the x-axis [10]. Finally, the pKP equation is
another model for studying the shallow water waves in (2+1) dimensions. This model
serves as a two-dimensional extension of the potential KdV equation that studies shallow
water waves in (141) dimensions [10-12].

1.1 Governing equations

The governing equations for the model are, respectively, given by

1 3/1__ _
Wy + 4(wxx - 2w3)x + 4 <4ax lw)’)’ + wxax lw}’) = 0’ (1)
(r +uy — a(un)x - b(un)xxr)x + kuyy =0, (2)
U+ uy + a(un)x +b(uy + uyy))c =0, 3)
Uy — 4uxuxx - zuyuxx + Uxxxy = 0 (4)
and

2 ttgs g Sty = 0 5)

Uyt zux”xx 4uxxxx 4uyy = V.

The two subsequent sections will devote to integrate these equations sequentially. The
integration algorithm will be first described in both of these sections and will then be
applied to extract exact solutions to these equations. The solutions are of various types
ranging from singular periodic solutions to solitary wave solutions.

2. Tan-cot functional method

Consider the nonlinear partial differential equation in the form

F(uauhuxauy5ult5uXX5uxy5uyya“-) =05 (6)
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where u(x, y, t) is a travelling wave solution of nonlinear partial differential equation.
We use the transformations u(x, y, t) = f(€), where

E=x+y+Art @)
This enables us to use the following changes:
8()—)ud() a()—d()
ar 7 Tde 77 ax 0 de
a d 02 d?
= (), =22 . 8
by O= g O O =200 ®)

Use eq. (7) to transfer the nonlinear partial differential equation, eq. (6), to nonlinear
ordinary differential equation

of f1 " f" ) =0. €))

The ordinary differential equation (9) is then integrated as long as all terms contain
derivatives, where we neglect the integration constants. The solutions of many nonlinear
equations can be expressed in the forms [13]

FE) =atan® (u), £ < 2” (10)
"
or
FE) =acotf (ug),  |£] < 2” (1
"
with the derivatives of eq. (10):
J'€) = app {tan’ " (u&) + tan ! (u)}
&) = apu*{(B — 1) tan”* (ué) + 2B tan” (u&)+ (B + 1) tan” > (&)},
7€) = Brlal(B — D(B —2)tan’ > (ug) + 38> — 3B + 2) tan” " (&)
+(B + D(B +2) tan” (u&) + 247 tan” ! (ué)
+(B + D(B +2) tan’ 2 (&)},

where «, wu and B are parameters to be determined, n and A are the wavenumber and
the wave speed, respectively. We substitute eq. (10) into the reduced equation, eq. (9), to
balance the terms of the tan functions and solve the resulting system of algebraic equations
by using computerized symbolic packages. We next collect all terms with the same power
in tan® (1.€) and set to zero their coefficients to get a system of algebraic equations among
the unknowns «, © and B8, and solve the subsequent system.

2.1 Applications

2.1.1 Jaulent—Miodek hierarchy. The equation generates by the Jaulent—-Miodek hierar-
chy is in the form [1]:

1 3/1. _
wy, + 4(wm —2w?), + 4 <4ax "wyy 4+ w,d; 1wy) =0. (12)
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Wafaa et al [1] proposed the (G’/G)-expansion method for constructing more general
exact solutions of the nonlinear (2 4 1)-dimensional equation generated by the Jaulent—
Miodek hierarchy. To remove the integral term, assume

wx, y, 1) =ux(x, y,1). (13)
This recasts eq. (12) to
1 3 3 3
Uy + g ey = 2”,%”):): + 16 + g exlty = 0. (14)
Letu(x,y,t) = u(§), where & is defined in eq. (7) and eq. (14) becomes
1 3 3 3
)\'u// + 4’/[//// _ 2(u/)2u// + 16”” + 4u//u/ — 0. (15)

Equation (15) can be written as

1 1 3 3
)\// m_ N3y " /2/=0. 16
u't u 2((M))~I—16u ~I—8[(u)] (16)
Integrating eq. (16) with respect to £ once with zero constants yields
1 1 3 3
'+ 4u/” - 2(u/)3 + 16u/ + S(L/)Z =0. (17)
Assume
u =v. (18)
Substituting eq. (18) into eq. (17), we obtain an ordinary differential equation as follows:
3 1 1 3
A "— v 0P =0. 19
<+16)v+4v 2v +8v (19)

Seeking the solution of the form (10), we get
) B ) )
16 2

1
+ Bl [(B—Dan” 2 (ug) + (B + 1) tan” 2 (ué)]

—;az tan*? (u€) + za tan®? (u&) = 0. (20)

~

Equating the exponents of some terms in eq. (20),

3p=p+2 =1 21
From the following system of equations

n? —a? =0,

3 1
A4 T+ _ur=0, (22)
16 2

one obtains

1 /3
= Fu, A=-— 2). 23
o 2(8+u) (23)
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Then the solution of eq. (19) is
T
v(§) = Futan(ug), 1§l < 9y
"

Integrating eq. (24) with respect to £, gives

u(§) = FIn[cos(ué)] +c

or

1/3 )
u(€) =:|:ln[cos<u (x—i—y— ) (8 +un >t>>:| + c.

Then the solution of eq. (12) is

1/3
w(x,y,1) zqiutanl:ﬂ(x+y_2<8+u2>t>i|’
+ : 3+ 2)r) < 4
x - .
Y 2\8 H ~2u

Forpu=1,t=0.1

3

w(x,y,0.1) = Ftan (x +y- 160

2.1.2 Kadomtsev—Petviashvili Benjamin—Bona—Mahony equation.

) . x+y<1.589546.

(24)

(25)

(26)

27)

(28)

The Kadomtsev—

Petviashvili Benjamin—-Bona—Mahony (KP-BBM) equation is of the form in eq. (2).
Wazwaz [2] used the extended tanh method to solve it. The tan—cot method will be applied

now to solve the KP-BBM equation.

Letu(x,y,t) = u(&), where & is defined in eq. (7), then eq. (2) becomes

' +u —a@w") —rbW™)" +ku” =0.
Integrating eq. (29) twice with zero constant:
Au4+u—au" —AbW") +ku =0.

Equation (30) can be written as

A +k+Du—au" —rbn(n — Du""2u')? — Abnu""'u" = 0.

Seeking the solution in (10), eq. (31) becomes

(A + k + Do tan® (u€) — ao” tan™ (u&) — rbn(n — Da" p>u*

x[tan™" ™ (ug) + 2 tan"” (u&) + tan"P* ()]
— Abna" BpP[(B — 1) tan™P=2 (ug) + 28 tan™ (u&)
+ (B + D) tan”*? (ug)] = 0.
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Equating the exponents of some terms in eq. (32),

2
np-2=pep= " . n#l (33)

We next collect all terms with the same power and set their coefficients to zero to get a
system of algebraic equations:

A+k+1Dm—1)—21bn [2M2+u2 (3_””@"—1 =0,
n—

1
" 4 2abna" 4 2 4 2abna” 4 2=0
ao no no =0,
n—1" (n— 12"
1
Anbna p? + 21bna" p2 (” + 1) —0. (34)
" —
Solving system (34), then:
dn(L +k + 1)V D ,n—1\/ a
o= s nw =i s
aln+2) 2n 2Ab
4n( 4k + 1)V
u(x,y, )=
a(n+2)
—1 a
tan®/ @D (" \/ it 35
X tan Fio oy gy ETYTAD (39)
or
Gyt = i [ A FEED V=D
ulx,v,t) ==Fi
N T )
—1 a
tanh?/ @D (" / ). 36
X tan o V2 (x+y+Art) (36)
Forn=1,a=2k=b=1=1,1=05
77372
u(x,y,t):q:il:6i| coth® (x + y +0.5). (37)

2.1.3 Zakharov-Kuznetsov Benjamin—Bona—Mahony equation. The Zakharov—Kuznetsov
Benjamin-Bona—Mahony (ZK-BBM) equation is of the form in eq. (3) [2]. Mahmoudi
et al [3] studied and solved this equation by using the exp-function method, while Wazwaz
[2] used the extended tanh method to solve it. The tan—cot method will be applied now to
solve the ZK-BBM equation.

Letu(x,y,t) = u(¢), where & is defined in eq. (7), and eq. (3) becomes

ad +u +aw"y +bu” +u”) =0. (38)
Integrating eq. (38) once with zero constant:
A+ Du+au” +br+ DHu” =0. (39)
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Seeking the solution as the form given by (10), eq. (39) becomes
(A + Datan® (ué) + aa” tan"? (u&)

+b(+ Dapp [(B — 1 tan” 2 (u§) + 26 tan” (1)

+(B+ 1 tan™ (u§)] = 0. (40)
Equating the exponents of some terms in eq. (40),
2
ﬂ+2=nﬂ<:>ﬂ=n_l, n# 1. 41

We next collect all terms with the same power and set their coefficients to zero to get a
system of algebraic equations:

" , (m+1) _
ad" +2b(A 4+ Dau 120
A+ 1) +2b(0+ DB*u* =0. (42)
Solving system (42), gives
(n+ 1)7V=0 ,\/1 (n—1)
=|1(A+1 , = , 43
a[(+)4a} M:F12b2 (43)
1y e=0
u(x, y,1) = [(x+1)(”+ )}
4da
_ 1 (n—1)
2/n=1) [ ;
X tan (ZFZ\/Zb 5 (x—i—y—i—)»t)) (44)
or
1Ye=n
u(x,y,n:ﬂF"[(AH)(n+ )}
4da
_ 1 (n=1)
tanh® =" \/ Al 45
X tan Fi b 2 (x+y+Arr) (45)
Forn=2,a=2 b=05 A=1,1t=0.5
3 1
u(x,y,t) = :|:i4tanh2 (2 x+y —|—O.5)>. (46)

2.1.4 Calogero—Degasperis equation. The Calogero—Degasperis (CD) equation, also
known as breaking soliton equation, is used to describe the (24 1)-dimensional interaction
of a Riemann wave propagating along the y-axis with a long wave along the x-axis [4].
Solitary waves are wave packets or pulses which propagate in nonlinear dispersive media.
Due to dynamical balance between the nonlinear and dispersive effects, these waves retain
a stable waveform. A soliton is a very special type of solitary wave, which also keeps its
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waveform after collision with other solitons. Anwar et al [6] solved the CD equation by
using tanh—coth method.

The tan—cot method is applied in this paper to solve the CD equation as in the following:
Letu(x,y,t) = u(§¢), where & is defined in eq. (7), eq. (4) becomes

au' —6u'u” +u" =0. (47)
Equation (47) can be written as

il =3[’ +u”" = 0. (48)
Integrating eq. (48) once with zero constants

=3 +u” =0. (49)
Seeking the solution in (10), eq. (49) becomes

wtan” (ug)—3ap?p? [tan® =2 (u§) + 2 tan® (ug) + tan’*? (ug)]
+ B [(B—1)(B — 2) tan” 7 (u) + (38° — 38 +2) tan” ' (uf)
+ (B+ 1)(B +2) tan” (u§) + 28 tan” " (uf)
+ B+ 1)(B+2) tan”*? (u8)] = 0. (50)
Equating the exponents of some terms in eq. (50),
B=2-2pB=2. (51)

Collecting all terms with the same power and set their coefficients to zero to get a system
of algebraic equations:

A — Rap’ 4241 =0,

—a+pu =0. (52)
Solving system (52), then gives

A= —1243, o= /. (53)

ulx,y, t) = w tan? [[L (x +y— 12,u3t)] . (54)
Forpu=1,1t=0.5

u(x, y, 1) =tan’* (x +y —6). (55)

2.1.5 Potential Kadomtsev—Petviashvili equation. New soliton solutions are obtained
for (2+1)-dimensional potential Kadomtsev—Petviashvili (PKP) equation by using the
tanh—coth method by Anwar et al [6]. The tan—cot method is applied in this paper to
solve the PKP equation as follows:
Letu(x,y,t) = u(§), where & is defined in eq. (7), eq. (5) becomes
3

)\' 4 3 r_n 1 " " o__
u ~|—2uu —|—4u —|—4u =0. (56)
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Equation (56) can be written as

3 1 3
)\u/ + 4[(1/)2]/ 4 4u//// 4 41/!// —0. (57)
Integrating eq. (57) once with zero constants
3 1 3
AU+ 4(u/)2 + 4u”/ + 4u/ =0. (58)

Seeking the solution in (10), eq. (58) becomes

4 tan” (ug) + 3apu? [tan™ 2 (ug) + 2 tan® (1§) + tan**? (ug)]
+ B’ [(B—1)(B—2) tan” > (&) + (38> —38+2) tan” " (uf)
+ (B + D(B+2) tan” (u) + 28 tan” ' (ué)
+ (B+ D(B +2) tan’ ™ (ué)] + 3Bultan’ " (uf)
+ tan®*! (ug&)1 = 0. (59)

Equating the exponents of some terms in eq. (59),
B=28-2, B=2+2 p=2 (60)

Collect all terms with the same power and set their coefficients to zero to get a system of
algebraic equations:

4x + 12ap® +241° =0,
24au® +241° =0,
161> 4+ 61 = 0. (61)

Solving system (61), then gives

9\/3, i\/3 i\/3
= , ::l: 5 = . 62
TieV2h YT TV KT Ty, (62)
i [3 i [3 9 /3
Ly 1) ==+ _,/ tan’ \/ \/ it
u(x,y,t) 2\/2 an (:F2 2(x+y3F16 21 )) (63)
3 3 9 /3
vy, 1) = 4,/ tanh? / \/'t . 4
u(x,y,r) /8 an <:F 8<x+yﬂF16 21)) (64)

3. Functional variable method

A

Then

or

The functional variable method, which is a direct and effective algebraic method for the
computation of compactons, solitons, solitary patterns and periodic solutions, was first
proposed by Zerarka et al [14]. This method was further developed by many authors in
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[10,15-17]. We now summarize the functional variable method, established by Zerarka
et al [14], the details of which can be found in [10,15-17] among many others.
Consider a general nonlinear PDE in the form
P< du du du *u *u u %u ) _0
T 9t oy ox’ 912’ 9y’ ax2  arax’ ) 7
where P is a polynomial in u# and its partial derivatives. Using a wave variable, § =
oot + o1 x + axy + 8, so that

(65)

ux,y, 1) =U(§), (66)
eq. (65) can be converted to an ordinary differential equation (ODE) as
o(u,u,u",u”, .)=0, (67)

where Q is a polynomial in U = U (§) and prime denotes derivative with respect to §. If
all terms contain derivatives, then eq. (67) is integrated, where integration constants are
considered zeros.
Let us make a transformation in which the unknown function U (§) is considered as a
functional variable in the form
Us = F(U), (68)

and some successively derivatives of U are
1
U — F2 /’
e =, (F9)
1
UEEE — 2 (FZ)//\/FZ,

1
Usese = [(F)"F? 4+ (F))"(F?)'], (69)

where ' = d/dU.

The ODE (67) can be reduced in terms of U, F and their derivatives upon using the
expressions of eq. (69) into eq. (67) give

RWU,F,F',F'",F",..)=0. (70)

The key idea of this particular form of eq. (70) is of special interest, because it admits
analytical solutions for a large class of nonlinear wave-type equations. After integration,
eq. (70) provides the expression of F, and this together with eq. (68), give the relevant
solutions to the original problem.

Remark

The functional variable method definitely can be applied to nonlinear PDEs which can be
converted to a second-order ordinary differential equation (ODE) through the travelling
wave transformation.

3.1 Applications

In this section, we present two examples to illustrate the applicability of the functional
variable method to establish compactons, solitons and periodic solutions of nonlinear
PDEs.
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3.1.1 (3+1)-Dimensional generalized Kadomtsev—Petviashvili equation. The (3 + 1)-
dimensional generalized Kadomtsev—Petviashvili (gKP) equation, given by [18,19]

(q: + 6qn%c + Grxx)x + 361yy +3q.; =0, (71)
describes the dynamics of solitons and nonlinear waves in plasma physics and fluid
dynamics [20].

Under the travelling wave transformation

ulx,y, 1) =U(§), § =ax+by+cz—ut, (72)
we have

a(—vU' +6aU"U' +a’U") +3b°U" + 3c°U" =0, (73)
where U = U (£) and prime denotes derivative with respect to &.

Integrating eq. (73) twice with respect to £ and neglecting the constants of integration,
yields

6 2
G0B? + ) — av)U + i U +atu” =o. (74)
n

Then, we use the transformation
Us: =FU), (75)
that will convert eq. (74) to

2 2 602 n+1 a4 2 /
B®"+ ) —av)U + um+ _(F-(U)) =0. (76)
n+1 2
Thus, we get from eq. (76), the expression of the function F (U) which reads as
—3(b2 4 2 1242
F(U)=\/av R “ U,
a? (av =302+ )+ 1D +2)
(17
After making the change of variables
124
7 = u", (78)
(av—=3b*+ )+ 1)(n+2)
and using the relation (75), the solution of eq. (74) is in the following form:
(av =3@>+ )+ D +2)
U = )
12a
nyav — 3(b% + ¢2) o
xsech’ ( o2 &+ so)> } : (79)
a

Using the travelling wave transformation (72), we obtain the following soliton solutions
of the (3 + 1)-dimensional gKP equation:

(av =3B*+ )+ H(n +2)
12a2

xsech? (n\/av—3(b2+cz)

qi(x,y,z,1) = {

1/n
22 (ax—l—by—i—cz—vt—i—éo))}

(80)
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and

BWB2+c2) —av)(n+ D(n +2)
12a2

x csch? (n\/av—3(b2+cz)

QZ(-xv yvzst) = {

1/n
22 (ax—l—by~|—cz—vt+§0))} .

(81)

It is easy to see that solutions (80) and (81) can reduce to singular periodic solutions as
follows:

(av =3B*+ )+ H(n +2)
12a2

2402y _
e sec? n\/3(b +c?) —av
2a?

q3(x,y,z,1) = {

1/n
(ax+by+cz— vt—i—éo)) }
(32)
and

(av =3D>+ )+ D +2)
12a2

3 b2 2y _
esc? (n\/( +c?)—av

qs(x,y,z,1) = {

1/n
g2 (ax—l—by—i—cz—vt—i—éo))} .

(83)

3.1.2 Generalized Benjamin equation. We consider nonlinear generalized Benjamin
equation which is given by

(qm)rt + a(anIx)x + ﬁ(qm)xxxx =0, (84)

where « and 8 are constants.
When m = 1, we have the following equation [18,19]:

qu + a(qn%c)x + IBQXXXX =0. (85)

This kind of equation is one of the most important NLPDEs, used in the analysis of long
waves in shallow water [21].
To look for the exact solutions of eq. (84), we make transformation

qgx, 1) =U(), § =aot +oix +6, (86)
and generate the reduced nonlinear ODE in the form

g (U™ + aai(U"U"Y + Baf (U™ = 0. (87)
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Integrating (85) twice with respect to & and setting the constants of integration to be zero,
we find

QU™ + U gty =0, (88)

n+1

We use the transformation
UE) =v"e), (89)

that will reduce eq. (88) into the ODE
azv + Cla% V(n+l)/m + ﬁa4v// — 0 (90)
0 n + 1 1 *

Following eq. (69), it is easy to deduce from (90) the expression of the function F (V)
which reads as

2 2 2
Fovy= |- v |1+ ama; Vo=, 1)
B n+1Dm+m+ Doy

Using the change of variables

2ama%

— _ V(n+l—m)/m’ (92)
n+1D)(n+m+ 1)05(2)

and using the relation (68), the solution of eq. (90) is in the following form:

2ama%

) n l—m a(Z) m/(n+1—m)
xsech om _,Boz4 &+ &) . (93)
1

Using the transformation (89), we can obtain the following soliton solutions of eq. (84):

Ve :_ (n+ D +m+ Dag

1 Da?
qi(x,t) = {— et )(n—i-n;—i- %
2ama;
5 1/(n+1—m)
x sech? ntl=m _ % (aot + 1)
5 4 (@of +ai1x+68+8o) ;
m Ba)
94
1 Da?
o 1) = {(n—i— )(n—i—n;—i- o
2ama;
5 1/(n+1—m)
xcsch? ntl=m _ % (aot + 1)
5 4 (aor +ax+6+&o)
m Ba)
95)
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It is easy to see that solutions (94) and (95) can reduce to singular periodic solutions as
follows:

_ n+1)(n+m+ 1)0((2)

2ama12

q3(x,t) = {

1/(n+1—m)

1 _ 2
x sec? (n—i— m\/ a04(aot+a1x+8+§o))} ,
2m ay

(96)
n+Dm+m+ Do
Q4(-xvt) = { - 2 0

2ama;
2(n—l—l—m\/oz(z)( - +8+$)) 1/(n4-1—m)
X CSC Qo a1x 0 .

2m Bt

o7

4. Conclusions

This paper obtained soliton, singular periodic as well as other solutions to several NLEEs
that appear in mathematical physics. While several integration architectures are available,
only two of them were employed in this paper. These results are going to be extremely
useful in various areas of future research.

Several perturbation terms will be considered to integrate the perturbed versions of
these equations. The soliton perturbation theory will be developed for these equations.
In addition to deterministic perturbation terms, stochastic perturbation terms will also be
taken into account. The Langevin equation will also determine the mean free soliton
speed. These results will be discussed in detail in future publications and will be reported
later.
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